We develop a theoretical framework for the evaluation of the coincidence number of pairs, NnN , and the asymmetry parameter, aΛ, in nonmesonic hypernuclear decay ΛN → nN . The primary nomesonic weak hyperon-nucleon decay process is described through the independent particle shell model. When the effect of the strong interactions experimented by the two nucleons leaving the residual nucleus is included, we have in addition to the 2p1h primary configuration 2p ′ 1h ′ , 3p2h, 4p3h, · · ·, etc secondary ones. We work within the 2p ′ 1h ′ subspace of final states assuming a simple approach for finite nuclei based on the eikonal approximation. An optical potential including the nucleon-nucleus isoscalar and isovector interaction is introduced to take into account the minimum nuclear medium effects and to describe the nucleon-nucleus dispersion process along the outgoing path. We applied the proposed description to the calculation of the observables in 5 Λ He and 12 Λ C nonmesonic decays. The calculated results show that our treatment of FSI even considered as restricted to a subspace of states gives a good agreement with experimental data, similar to that ones presented by more elaborated evaluations. This indicates that the developed theoretical scheme seems to be appropriated to include more complex configurations. We also discuss the ground state normalization effects at the moment of including the two-nucleon induced decay (ΛN N → nN N ) contribution.
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I. INTRODUCTION
Although a free Λ particle decays through the mesonic mode Λ → πN , inside nuclear medium this channel is Pauli blocked and the nonmesonic hypernuclear weak decay (NMHD) ΛN → nN emerges as the dominant channel. This primary decay can be induced by a neutron (Λn → nn) or a proton (Λp → np), with widths Γ n and Γ p , respectively. During the last three decades a high effort to solve the commonly called nonmesonic hypernuclear decay puzzle has been done. The controversy is associated to the theoretical troubles in reproducing simultaneously the measured values of: i) the detected number of neutrons, protons, nn and np-pairs, N n , N p , N nn and N np , respectively (or, equivalently, the spectra of emitted protons as well as nn and np-coincidence spectra); ii) the intrinsic asymmetry parameter, a Λ , which is determined by the interference terms between the parityconserving (PC) and parity-violating (PV) transitions to final states with different isospins. These observables lead information about both, the primary nonmesonic decay and the subsequent final state interactions (FSI) originated by the nuclear medium.
Since the pioneering works of Block and Dalitz [1] and Adams [2] many theoretical attempts are trying to improve the description of NMHD, such as: i) modifications of the exchange potential incorporating mesons heavier than pion; ii) inclusion of correlated and uncorrelated two-pion exchange;
iii) inclusion of interaction terms that violate the ∆T = 1 2 isospin rule; iv) addition of quark degrees of freedom; v) analysis of the contribution of two nucleon (2N) induced decay mode ΛN N → N N N ; vi) evaluation of the effect of FSI between the outgoing primary nucleons and those in the residual nucleus, etc.
Particularly, in Refs. [3] [4] [5] [6] the authors show that FSI are an important ingredient when studying this decay mode. Indeed, it was shown that the value of the neutron to proton ratio, Γ n /Γ p , extracted from the experiments and also the intrinsic asymmetry parameter are strongly modified by the FSI effects. Actually, there is a general consensus in respect to the essential role of FSI to reach a realistic calculation of NMHD observables. Among several models used for evaluating the effect of FSI we mention: i) those based in the intranuclear cascade code (INC) [3, 4, [7] [8] [9] , and ii) a microscopical model developed within a nuclear matter formalism [10] ; iii) models describing the interaction between the outgoing primary particles and the residual core by means of an optical potential [11, 12] . In the first case the nucleon propagation inside the residual nucleus is simulated by a Monte Carlo code, in which the nucleons produced in the weak decay are followed through a semi-classical path until they leave the nucleus. In the second one, the FSI are included within a nuclear matter picture with the help of the local density approximation in an effective way via the first order term of the residual interaction in the RPA amplitude. Finally, evaluations using optical potentials describe the average interaction felt by the outgoing particles within an effective scheme.
Motivated by the previous discussion, we want to develop a finite nucleus theoretical frame that enables an evaluation of N nN , N nn /N np and, simultaneously, a Λ , which should be an extension of the of our previous shell model calculations [13] . By simplicity we begin making an evaluation of the mixing between 2p1h final configurations, in the simpler way working within the eikonal approximation. It provides a clear description of the minimum nuclear medium action on the emerging nucleons through an isospin dependent optical potential, not yet considered in previous works [11, 12] . The paper is organized as follows: the formalism for the evaluation of the observables and the inclusion of the nucleon-nucleus interaction via the eikonal approximation is presented in Sect. 2; numerical results are exhibited in Sect. 3 and concluding remarks are briefly drawn in Sect. 4.
II. FORMALISM A. The primary decay model
The partial decay rate, Γ N , for the primary ΛN → nN nonmesonic decay of an initial hypernucleus (with spin J I M I and energy E I ) to a residual nucleus (with spin J F M F and energy E F ) plus two free nucleons (with spins, isospins and momenta s i , t i and p i , respectively, being i = n, p) and the intrinsic asymmetry parameter, a Λ , are evaluated from the expressions [14] [15] [16] 
with
Here ∆ F = E I − E F − 2m N is the released energy with m N being the nucleon mass, A is the residual nucleus mass number and V is the transition potential used to describe the primary nonmesonic decay process. We have employed the one-meson-exchange model from Refs. [14] [15] [16] which uses a standard strangeness-changing weak ΛN → N N transition potential comprising the exchange of the complete pseudoscalar and vector meson octets (π, η, K, ρ, ω, K * ). The number of emitted nN -pairs after this weak decay is evaluated weighting the number of pairs appearing in a given state nN
by the probability of reaching that state:
Note that N [14] [15] [16] , after changing to relative and center of mass variables
performing the partial wave expansion of the emitted nucleon waves, and making the angular momentum recoupling, the observables can be written in terms of the matrix elements
with j Λ ≡ n Λ l Λ j Λ t Λ and j N ≡ n N l N j N t N being the single-particle states for the lambda and nucleon, respectively (we assume that the Λ particle behaves as a |
isospin particle in the 1s 1/2 level) and ν F specifying the remaining quantum numbers in the final state besides the nuclear spin. The factors are defined as
with J C being the core spin and the matrix element
Within the independent particle shell model the core and final nuclear states are described as |J C >→ |0 > and |J F >→ |j
Λ He, with |0 > being the vacum state, and |J C >→ |j
The effect of final state interactions between the two outgoing nN particles, which has been extensively discussed in the literature and is known to be very important [7] , is included phenomenologically by modifying the two emitted nucleons plane waves as in our mentioned works: short range correlations are treated at a simple Jastrow-like level multiplying the exchange potential by the correlation function
with q c = 3.93 fm −1 , while the contribution of finite nucleon size effects at the interaction vertices are gauged by a monopole form factor (Λ
2 ), being Λ M the cutoff for the meson M [14] . Additionally, corrections due to kinematical effects related to the Λ-nucleon mass difference and the first-order nonlocal terms are taken into account [15] .
B. Final state interactions and ground state correlations
When one of the ejected nucleons interacts with the remaining ones in the residual nucleus, the 2p1h primary configuration |N ) ≡ |p n s n t n p N s N t N ; J F M F ) (where a hole N −1 produced on the initial nucleus by promotion of the particle N is present in the final state) can be mixed with other |N ′ ) configurations and also with more complex ones as 3p2h, 4p3h, · · ·. This is schematically shown in Fig. 1 . By simplicity, let's consider {|2p1h), |3p2h)} as the final space (note that 3p2h configurations participate in the 2N mode). The 3p2h state will
, with N and N ′ being n or p (note that an additional hole N ′−1 is produced in the final nucleus). Now, Eqs. (1)-(3) could be straightforward modified to evaluate the decay rate to a state |N N ′ ), Γ N N ′ , enlarging the final phase space, adding the corresponding integrals, and changing A − 1 by A − 2. The number of emitted nN -pairs in Eq. (4) should then be expressed as
where
represents the number of nN pairs appearing in a given nN 
where the coefficients c i and c i,j should be evaluated in the stationary perturbation theory, at least at the second order to take properly into account normalization effects [17] . The fact of using a perturbative scheme favors the identification of the numbers of pairs coming from each final state. Now, the |N N ′ ) configurations are reached by the primary decay to the states |N ′′ ) present in the last term of Eq. (11), and by the coupling of these states with the |N N ′ ) one produced by the strong interaction responsible of the FSI which enters in the evaluation of the coefficient c N N ′ ,N ′′ . The number of pairs can be calculated now from Eq. (10) replacing Γ by Γ, being Γ calculated through Eq. (1) by using the perturbed basis. Because at this stage it is not important the exact energy position of the states, we can take the unperturbed ones for the evaluation. Finally, we mention that if 2p2h GSC were admitted in the ground state [18] , we could write
where with "2" we indicated a 2p2h configuration. Now the coefficient c 0 reduce the Γ contributions mentioned previously, and the 2p2h contributions give place to the 2N mode. One must take care the way c 0 and c 2 are evaluated [19] . If we use a first order perturbation theory we must take,
where V s indicates the nucleon-nucleon strong residual interaction. We remark that it is not correct to take
because, except for the first term, the others lead to an infinite series of disconnected graphs in the amplitude, and it is well known this is unphysical and these contributions can be canceled enlarging the space by the inclusion of 4p4h in the ground state [19] . In addition, the norm correction included as in Eq. (14) leads to a nonextensivity of nuclear matter introducing an A dependence, which is a very strong drawback of the approximation [19] . It would be more appropriate to make a direct diagonalization in the {|J I M I ), |2J I M I )} basis and take (2J I M I |V s |2 ′ J I M I ) ≃ 0 because of the high density of these configurations. This leads to
where E I is now solution of the secular equation [18] 
and c 0 is obtained by normalization. This was done in a finite nucleus frame for the case of 48 Ca using the MY3 force [18] getting a value of c 0 = 0.69, which could be enlarged for the lighter nucleus we interested in here due to the smaller 2p2h configurations space.
C. The minimum effect of nucleon-nucleus interaction
In order to see how FSI effects change the shell model results we analyze the effect of mixing between different |N ) configurations in the final states. For this purpose we keep only the first formula and the first two terms of it in Eq. (11) . In the present work instead of making an explicit evaluation of the coefficients c N and c N,N ′ in a second order perturbation theory, we are proposing a treatment of FSI by using the simplified final nucleon states constructed in the framework of the nonrelativistic eikonal approximation [20] [21] [22] [23] [24] . We remember that in the energy regime of a few hundred of MeV the nucleonnucleus scattering is satisfactorily described by this approach (see, for example, applications to A(p,pN) reaction in Refs. [25] [26] [27] [28] ). We have to bear in mind that the available energy in primary process leaves a momentum p N ∼ 400 MeV/c for each one of these nucleons. To construct the nucleon final states of interest we start from free nucleons state inside the nucleus and study their modification in crossing the nuclear medium (represented by an optical potential) within the eikonal approximation. The resulting state of this nuclear medium scattering process is taken as the final nucleon state for the NMHD calculation. Here is very important to mention that, within this simple model, we can not include the contribution of secondary nucleons produced by the strong interaction, which largely affect the numbers N nn and N np (second formula in Eq. (11)). This is the reason by which we have remarked that we are including the minimum effect of nucleon-nucleus interaction corresponding to the scattering of the outgoing particles. Nevertheless, in this work we will analyze the role played by the isovector nucleon-nucleus interaction in the scattering of the emerging particles, not included in previous optical model treatments. Additionally, because the dependence of the ratio N nn /N np with the 2N contribution is moderate [4, 8] we not consider its effect here.
In coordinate representation the accumulated effect of all the interactions of the emerging nucleons along their outgoing path inside the residual nucleus is incorporated through the action of an operator factor S † (r) on the unperturbed plane wave functions as shown in Ref. [25] . Concretely, the outgoing nucleons final state is obtained as
where r N is the coordinate of the nucleon and
We have chosen the momentum p along the z axis, with r = (b, z p =p · r) representing the nucleon location after the primary nomesonic decay and (b, z) the posterior collision points, respectively. The nucleon is crossing the nucleus with an impact parameter b, with V opt (r) being the optical potential associated to the nuclear medium representation. We adopt the simplified form [29] :
with R = 1.25A 1/3 fm being the nuclear radius, V 0 and V 1 representing the real isoscalar and isovector "depths", respectively, of the optical potential. The latter part depends on the nucleon and residual nucleus isospin operators, τ and T, respectively. Integration in the z-variable allows to write the factor S(r N , p N ) as
with V 0N and V 1N being the isoscalar and isovector nucleon potential depth. Note that, in order to simplify the changes to the two-nucleon center of mass variables, and to perform integrals analytically in Eqs. (1-3) , we can neglect the energy dependence of the optical potential parameters (a rather good approximation in the energy range of interest) and take the same values of isoscalar and isovector depths for protons and neutrons: V 0n ≃ V 0p ≃Ṽ 0 and V 1n ≃ V 1p ≃Ṽ 1 . In addition, when using the result of Eq. (20), the quantities p 2 N and b 2 will be substituted by average values. For the first we take
are the Fermi and maximum momentum allowed kinematically to nucleons, respectively, being ǫ F the Fermi energy. For the second we assume,
In summary, the effects of FSI are included in the calculation by means of the replacement
To evaluate the action of the isospin operators, we express them as
and expand the exponential e iβN τ N ·T in power series. Since the operator T acts on the residual nucleus state, this will establish a difference between the calculation of final nucleon state imposed by different isospin state of the decaying hypernucleus, as we will see latter for , whereas the second hypernucleus has an integer isospin with projections −1, 0. Additionally, is important to remark that the operators t ± allow the possibility of charge exchange. This will produce final neutrons (protons) from the primary proton (neutron) induced decay, which will lead to modifications in the obtained values for the observables, specially the number of detected particles. Leaving all this considerations into account, the effect of FSI can be incorporated within our formalism by means of the replacement
where we have defined
It is important to specify here the effective strength dependence on the residual nucleus and nucleon isospins. Particularly, for the 5 Λ He hypernucleus decay we havẽ
and for
12
Λ C decay we can writẽ
Thus, performing the replacements p → α N p and P → α N P in the matrix element given in (6), we can evaluate the effect of FSI on the asymmetry parameter. Finally, in order to compare our theoretical results with experimental data for the coincidence number ratio, we evaluate the number of emitted nN -pairs as (remember the replacement Γ byΓ in Eq. (10)):
being
Based on this definition, it is important to remark here that our evaluation of the number of pairs will always satisfy the condition N nn + N np = 1, which is only satisfied by the primary decay pairs in other theoretical evaluations [10] . This is a reasonable result because our eikonal model only considers the scattering process of the final outgoing nucleons, without the possibility of producing additional secondary particles. In this way, the average number of detected pairs can not be different from those in the primary decay.
III. NUMERICAL RESULTS AND DISCUSSION
We have arrived to a very simple and easily manageable procedure which allows to evaluate the observables N nN and a Λ including the minimum effect of the nucleonnucleus interaction originated in the scattering process of the emerging particles. This method will be used here to evaluate the mentioned observables for The values of the potentialsṼ 0 andṼ 1 typically range from 10 to 30 MeV and 70 to 110 MeV, respectively [29] , and they are determined from analysis of a wide variety of data corresponding to neutron and proton interactions with many different nuclei and at different incident energies. In Table I we indicate the values assumed for these parameters and show the results obtained for NMHD observables for 5 Λ He and 12 Λ C decays. 1 We remark here that the values ofṼ 1 are assigned from the fitting to the cross section of direct (pn) processes producing the isobaric analog state in the target nucleus [29] . This process correspond to a particle-particle + hole-hole scattering degree of freedom, as can be schematized by the first diagram in Fig. 2 a) . Nevertheless, when an ejected proton is converted in a neutron by the interaction with the nucleons in the residual core, we can also have a process as shown in Fig. 2 b) . To take into account this process, at least effectively, with the coordinate independent isovector operator we have assumed would be preferable to choose the maximum value for the strengthṼ 1 /2A. For completeness, we report in Table II the experimental data.
a) b)
FIG. 2: Graph a) schematizes particle-particle + hole-hole residual charge exchange interaction present in direct (pn) reactions producing the isobar analog state in the target nucleus. Graph b) shows one of the mechanisms by which excited states in the residual nucleus can be generated.
Our results for the ratio N nn /N np agree with theoretical and more elaborated estimations performed within microscopic models, which give values in the range 0.2 − 0.4 [4, 8, 10] . Particularly, the more recent evaluation for 12 Λ C within the same {2p1h} final state space and within the ring approximation from Ref. [10] gives Table 1 indicate a good agreement. Nevertheless the fact that in the mentioned reference N nn + N np = 0.253 + 0.906 = 1.159 > 1, it is hard to understand. This indicates that the theoretical frame described in the previous section to get N nN and the optical model eikonal approximation to introduce the perturbative effects that mix different 2p1h configurations, provides a consistent scheme to introduce the minimum effect of nucleon-nucleus interaction producing the scattering of the emerging particles. From Tables 1 and 2 we also see that the effect of those interactions bring the theoretical value of the coincidence number ratio closer the experimental one. In fact, our results clearly indicate that N nn /N np is increased mainly due to the effect of the isospin dependent part of the interaction, which allows the mixture between both channels. This leads to a difference between neutron and proton effective potentials proportional toṼ 1 /2A (see Eqs. (27) and (28)) which enforces the difference between both decay channels. Additionally, the values obtained for the asymmetry parameter are in qualitative agreement with the ultimate theoretical evaluations [5] in the sense that they exhibit the same tendency to reduce the magnitude of a Λ , but can not revert the sign in the Indeed, FSI effects are not able to reproduce adequately the data for this observable, in spite that they increase the value. The changes are mainly caused by the combined effect ofṼ 0 andṼ 1 parts of the optical potential, which modify the PC and PV matrix elements in a different way, through the momenta replacement p → α p p and P → α p P (see Eq. (25)). We note that, as a Λ is only measured for protons and it is theoretically determined by a ratio between quantities calculated both for protons (see Eq. (1)) the charge exchange effects of FSI are not so important in this case. Thus, one must infer that new modifications to the model, as for example the inclusion of two-pion correlated or a 1 -meson exchange in the N Λ potential [6, 37] , could be still carried out to achieve a better description of NMHD.
As a final remark, if 2p2h GSC were included, the primary decay rate Γ N should be affected by a factor |c 0 | 2 (see Eq. (12)) while the pair numbers N nN calculated within the 2p1h subspace remain unaffected. The 2N mode should be taken into account with amplitudes c 0 c 2 and the corresponding contributions of this mode should be added to each observable Γ T , N nN , · · ·, etc. However, caution must be taken in the way of evaluating c 0 and c 2 . In fact, if a first order perturbative approximation is taken for them, the prescription (13) must be assumed. Otherwise, if one wish to introduce second order normalization effects, all second order effects must be included in the ground state, which implies to introduce 4p4h configurations.
IV. SUMMARIZING CONCLUSIONS
We have analyzed expressions for the evaluations of the number of pairs N nN and the asymmetry parameter a Λ when FSI are considered in leading order. Working at a first step within the 2p1h configuration subspace, we have included in a simple way the effect of the scattering of the outgoing nucleons due to the residual core through the optical model eikonal approximation within a finite nuclei framework. Our approach uses only two parameters: the isoscalar and isovectorial strengths of the optical potential. Present evaluation does not pretend to replace more elaborated formalisms based on numerical codes or microscopical considerations, mainly because they contribute to the physical insight of the process, but to provide a simple and nice alternative as an application of the well known eikonal method. We have arrived to a very simple analytical procedure (see Eq. (25)) which can be implemented independently of the model adopted for the description of NMHD. Our results show that the effect of the isovector interaction on the ratio N nn /N np is stronger than on the asymmetry a Λ because: i) in the first case the modification is originated from a difference between neutron and proton potentials due mainly to the isovector part of the optical nuclear potential allowing the possibility of charge exchange; ii) in the second one, being a Λ measured only for proton induced decay, modifications due to final interactions are incorporated only by means of the differences produced between PC and PV matrix elements through the momenta renormalization (25) .
